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1. Introduction
In his seminal paper1 , Dirac pointed out the incompleteness that was present in pre-
vious theories which prevented the introduction of the spin- 12 nature of the electron
without further assumptions. He solved the problem by introducing Lorentz sym-
metries to quantum mechanics. In the process, he derived a first-order differential
equation, now known as the Dirac equation:
(iγµ∂µ −m)ψ(x) = 0 (1)
where γµ are the complex 4× 4 Dirac matrices, ∂µ are the derivatives in the space-
time directions,m is the mass of the particle and ψ(x) is a spinor with four complex
entries in the four space-time variables, denoted x. In this paper, we present a new
approach to derive the Dirac equation directly from the spin- 12 representation of
the Lorentz group without further assumptions and generalize this to higher-spin.
Specifically we show that the parity operator P in the spin- 12 representation is given
by
Pψ(~p ) = m−1γµpµψ(~p ) (2)
which allows us to derive the Dirac equation from the space-time symmetries alone.
This identity provides additional insights on the covariance of the Dirac operator and
gives a systematic way of derivingDirac-type equations on arbitrary (j, 0)⊕(0, j) and
(j, j) representations. It also suggests a very simple interpretation of its kinematics
1
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principle, namely that kinematics is defined by the conservation of parity which is
independent of the frame of reference.
The paper is organized as follows. In Sec. 2 we derive the parity operator in the
(j, 0)⊕ (0, j) representation space. Equation (2) then follows trivially. In Sec. 3, we
generalize our derivation to the (j, j) representation and give applications to Elko
(see Refs. [2, 3, 4, 5]) in Sec. 4.
2. A Derivation of Dirac Equations from Space-Time Symmetries
Let Ji, Ki be rotation and boost generators in the (
1
2 , 0) ⊕ (0, 12 ) representation
space. We write a spinor ψ(~p ) as a function of the momentum in the usual fashion:
ψ(~p ) = exp(i~K · ~ϕ)ψ(~0), (3)
where ~ϕ = ϕpˆ is the rapidity parameter defined as
coshϕ =
p0
m
, sinhϕ =
p
m
. (4)
and the boost matrix is given by
exp(i~K · ~ϕ) =
(
exp
(
1
2~σ · ~ϕ
)
O
O exp
(− 12~σ · ~ϕ)
)
(5)
The Dirac equation can be derived by simply appealing to the properties of the
parity operator P(~p ). Here we define the operator to be
P(~p )ψ(~p ) = ηψ(−~p ) (6)
where η is a 4× 4 block-off-diagonal matrix
η =
(
O I
I O
)
. (7)
Using (3) and (6), we obtain
P(~p )ψ(~p ) = ηψ(−~p ) (8)
= ηe−2i
~K·~ϕψ(~p ) (9)
= ei
~K·~ϕηe−i
~K·~ϕψ(~p ) (10)
where the last equality follows from the fact that η anti-commutes with the gener-
ators of boosts. Using the fact that
exp(i~K · ~ϕ) = cosh
(ϕ
2
)
I + ~σ · pˆ sinh
(ϕ
2
)
(11)
the parity operator P is given by
P(~p ) = m−1γµpµ. (12)
This operator has eigenvalues +1 and −1. Taking the spinor ψ(~p ) to be eigenspinors
of P , we obtain the Dirac equation
(γµpµ ±mI)ψ(~p ). (13)
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3. Generalization to other Representations
Following the analysis performed in the previous section, the parity operator of the
(j, 0)⊕ (0, j) representation is
P(~p ) = exp(2i~K · ~ϕ)η
=
1
m2j
γµ1···µ2jpµ1 · · · pµ2j . (14)
where ~K is now the boost generator of the (j, 0) ⊕ (0, j) representation and η is a
2(2j + 1)× 2(2j + 1) block-off-diagonal matrix of the form given by (7). As we will
show below, this operator also has eigenvalues +1 and −1 thus giving us the field
equation for a spinor ψ(~p ) of the (j, 0)⊕ (0, j) representation space6, 7)(
1
m2j
γµ1···µ2jpµ1 · · · pµ2j ± I
)
ψ(~p ) = 0. (15)
The operator P(j)(~p ) and the field equation have the following properties
(1) Equation (15) has a complete set of solutions: indeed, taking ~p = ~0, we get
u(~0) =
(
θ
θ
)
, v(~0) =
(
θ
−θ
)
, (16)
where [P(~0) − I]u(~0) = 0, [P(~0) + I]v(~0) = 0 and that any spinors at rest can
be written as a sum of u(~0) and v(~0) in the sense that(
θ
λ
)
=
1
2
[(
θ + λ
λ+ θ
)
+
(
θ − λ
λ− θ
)]
. (17)
(2) The operator P(~p ) has eigenvalues +1 and −1. To show this, we consider
[P(~p )]2 = 1
m4j
γµ1...µ2jγν1...ν2jpµ1 ...pµ2jpν1 ...pν2j (18)
Using the identities from Refs. [6, 7], the right-hand side becomes
γµ1...µ2jγν1...ν2jpµ1 ...pµ2jpν1 ...pν2j = (p
µpµ)
2j (19)
which on the mass-shell becomes m4j . The eigenvalues of P(~p ) is then just
given by its determinant
det[P(~p )] = ±1. (20)
Motivated to generalize these framework, we introduce the following definition
Definition 3.1 An operator A(~p ) in the spinor space is called a fully kinematic
operator if it satisfies
A(Λ~p) = D(Λ)A(~p)D(Λ)−1 (21)
and the two following conditions
(1) A(~p )2 = I
(2) {A(~0), ~K} = O (22)
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where ~K are the boost generators of the (j, 0) ⊕ (0, j) representation and O is the
zero operator. Here the condition (2) is required to guarantee that the eigenvalue
equation for A is indeed a partial differential equation.
In (12 , 0)⊕ (0, 12 ) representation, all kinematic operators are of the form
A(~0) =
(
0 aI2×2
a−1I2×2 0
)
(23)
where a is a non-zero arbitrary complex number. The requirement that both
eigenspaces must be treated in equal footing forces a to be 1 thus giving us
A(~0)|a=1 = η. (24)
The (j, 0)⊗ (0, j) representation also admits a fully kinematic operator. Indeed,
A(~0), defined by
A(~0)(ψ ⊗ ϕ) = ϕ⊗ ψ, (25)
and by (21) for other momentum, satisfies all conditions and have the property that
tP = At, where t : (j, 0) ⊕ (0, j)→ (j, 0) ⊗ (0, j) is the (non-linear) tensor product
map. In fact, tψ is a +1 eigenspinor of A if ψ is an eigenspinor of P .
4. Anti-Linear Kinematic Operators
This framework of kinematic operators recognizes the theory introduced in Ref. [2].
For a dark matter candidate, a structure defined through an anti-linear operator may
be of interest, since standard U(1)-gauge transformations would not be supported.
In this section we restrict ourselves to the spin- 12 case.
However, there is no anti-linear fully kinematic operator. A straightforward cal-
culation shows that the only solutions for {A(~0), ~K} = O are of the form
A(~0) =
(
aΘ 0
0 bΘ
)
K (26)
whereK is the complex conjugation operator. One can then easily verify that A2(~p )
cannot be the identity. Indeed, one cannot even guarantee the existence of a com-
plete set of eigenspinors for A(~0) for arbitrary a, b.
4.1. Dark Matter
Elko spinor fields have been investigated in the last decade8–18 and has been further
applied to gravity, cosmology, and field theory.8–18 We recall that its starting point,
in Ref. [2], is to take eigenspinors of the charge conjugation operator instead of the
parity operator. Once a choice of basis of eigenspinors is made, a linear operator is
constructed. This resulting linear operator depends on the choice of basis since the
charge conjugation operator is anti-linear. We proceed in the same fashion.
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We define the charge-conjugation operator as
C =
(
O iΘ
−iΘ O
)
K. (27)
If u, v ∈ C2 form a basis, then
u˜± =
(±iΘu∗
u
)
, v˜± =
(±iΘv∗
v
)
(28)
is a basis of the spin- 12 space with
Cu˜± = ±u˜, Cv˜± = ±v˜. (29)
Note that the association u 7→ u˜± is not linear, making explicit the anti-linearity of
C.
Taking u and v as basis vectors, there is a unique linear operator G(u, v) such
that the identities (29) hold, say, the operator which is the diagonal (1, 1,−1,−1)
in the chosen basis. We recall that Elko theory is constructed by taking u and v as
eigenspinors of the helicity operator. In Ref. [19] it is shown that the theory based
on u˜± and v˜± does not support the full Lorentz group. Here we generalize this fact
and prove that no choice of u and v can be done preserving condition (21) for the
full Lorentz group.
Taking
u =
(
a
b
)
and v =
(
c
d
)
(30)
we have
G(u, v) =


0 0 2iIm(bd
∗)
ad−bc
i(cb∗−ad∗)
ad−bc
0 0 i(da
∗−bc∗)
ad−bc
2iIm(ac∗)
ad−bc
2iIm(ca∗)
a∗d∗−b∗c∗
i(cb∗−ad∗)
a∗d∗−b∗c∗
0 0
i(da∗−bc∗)
a∗d∗−b∗c∗
2iIm(db∗)
a∗d∗−b∗c∗
0 0

 (31)
Now we begin the proof by supposing that we have a theory given by an operator
G(~p ) satisfying (21), and that G(u, v) = G(~p0) for some fixed ~p0. Using the identity
Θ~KΘ = −~K∗ (see Ref. [2]), we get
G(~0) = e−i~K·~ϕ0G(u, v)ei~K·~ϕ0 = G(ei ~K·~ϕ0u, ei ~K·~ϕ0v).
Therefore, we can suppose without loss of generality that ~p0 = ~0. In this case, (21)
implies that G(u, v) must commute with rotations. An application of Schur’s Lemma
shows that this happens if and only if
ad¯− cb¯ = 0 (32a)
Im(ac¯) = Im(bd¯). (32b)
The first condition, (32a), is equivalent to the existence of λ ∈ C such that
a = λb¯, c = λd¯.
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In this case we have
det
(
a c
b d
)
= det
(
λb¯ λd¯
b d
)
= λ(b¯d− d¯b) = 2λIm(bd¯) (33)
On the other hand, (32b) implies that
Im(bd¯) = Im(ac¯) = Im(|λ|2b¯d) = −|λ|2Im(bd¯), (34)
concluding that Im(bd¯) or λ must be zero. In both cases u and v does not form a
basis, as desired.
As a final remark, we observe that the whole construction in Refs. [2, 3] can
be recovered from this kinematic operator viewpoint. In particular, one gets the
following decomposition:20
γµpµ = mG(~p )Ξ(~p ) (35)
where G(~p ) is as in Ref. [2] and Ξ(~p ) is the index-flipping matrix defined by equation
(8) of Ref. [3]. Generally one can chose a set of spin-j spinors u−j , · · · , uj, v−j , · · · , vj
with norm
√
2m and consider the operator K(~p ) defined as the only operator such
that
K(~p )uσ(~p ) = uσ(~p ), K(~p )vσ(~p ) = −vσ(~p ) (36)
for all σ. One notices that, according to our definition of spinors, K(~p ) always
satisfies (21) when Λ is the boost in the ~p direction. Moreover, K(~p ) can be defined
in the following manner
K(~0) = 1
2m
j∑
σ=−j
[
uσ(~0)u
†
σ(~0) + vσ(~0)v
†
σ(~0)
]
Ξ˜†(~0)η (37)
where Ξ(~0) is an operator such that
uσ(~p )
†Ξ˜†(~p )ηuσ′(~p ) = 2mδσσ′
uσ(~p )
†Ξ˜†(~p )ηvσ′(~p ) = 0
vσ(~p )
†Ξ˜†(~p )ηvσ′(~p ) = −2mδσσ′ . (38)
In particular
Ξ˜(~p ) = ei
~K·~ϕΞ˜(~0)e−i
~K·~ϕ.
The operator Ξ˜(~0) is uniquely defined and it exists for any set of spinors satisfying
(3). A more elaborated definition is required for the case in Ref. [3], although Ξ(~p )
is still well-defined for ~p 6= ~0.
We now further assume that K(~0) is Hermitian. This is equivalent to ask that
the subspaces generated by u1, . . . , us and v1, . . . , vs to be Hermitian orthogonal.
In this case, keeping the same operator, we can replace the chosen set of spinors by
an orthogonal one. Therefore, we get
j∑
σ=−j
[
uσ(~0)u
†
σ(~0) + vσ(~0)v
†
σ(~0)
]
= 2mI, (39)
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and K(~p ) is given by
K(~p ) = 1
2m
j∑
σ=−j
ei
~K·~ϕ(ei
~K·~ϕ)†(e−i
~K·~ϕ)†Ξ˜†(~0)(ei
~K·~ϕ)†η
= ei
~K·~ϕΞ˜†(~0)ei
~K·~ϕη
=
[
ei
~K·~ϕΞ˜†(~0)e−i
~K·~ϕ
]
ei
~K·~ϕηe−i
~K·~ϕ
= Ξ(~p )P(~p ) (40)
where Ξ(~0) = Ξ˜†(~0). Observing that K2(~p ) = 1, we recover the decomposition
γµpµ = mK(~p )Ξ(~p ) (41)
as desired.
Conclusions
In this paper we describe a systematic derivation of the Dirac operator through
space-time symmetries and the parity operator. We generalize this procedure, show-
ing how the space-time symmetries produce different partial differential equations
out of a special class of operators which we call fully kinematic operators (see defi-
nition 3.1).
We apply the same procedure to the (non fully kinematic) charge conjugation
operator and conclude that the solutions of the associated linear problem can not
be mathematically well-defined at the origin. We further show that the general
Parity operator splits in unique way into a generalization of the charge conjugation
operator and a new operator Ξ.
We believe that the present procedure naturally generalizes to different con-
texts including different symmetry groups. For instance, we observe that it certainly
generalize to Minkowski (n + 1)-space with O(n, 1). Since Fourier transformation
interchanges eigenvectors of the associated linear problem with solution to its de-
rived differential equations, we expect that this method can provide solutions and
interesting properties to many known and unknown equations.
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